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ON THE CLASSES OF HIGHER-ORDER JENSEN-CONVEX FUNCTIONS
AND WRIGHT-CONVEX FUNCTIONS, II
JACEK MROWIEC, TERESA RAJBA, AND SZYMON WA˛SOWICZ
ABSTRACT. Recently Nikodem, Rajba and Wa˛sowicz compared the classes of n-Wright-
convex functions and n-Jensen-convex functions by showing that the first one is a proper
subclass of the latter one, whenever n is an odd natural number. Till now the case of
even n was an open problem. In this paper the complete solution is given: it is shown that
the inclusion is proper for any natural n. The classes of strongly n-Wright-convex and
strongly n-Jensen-convex functions are also compared (with the same assertion).
1. INTRODUCTION
Let I ⊂ R be an interval and f : I → R. The difference operator is given by
∆hf(x) = f(x+ h)− f(x)
for any x ∈ I and h ∈ R such that x + h ∈ I. In 1954 Wright [9] considered the class
of functions f : I → R, for which the function ∆hf(·) is non-decreasing for any h > 0
small enough to guarantee that all the involved arguments belong to I. This monotonicity
property is equivalent to the condition
(1) f(tx+ (1− t)y)+ f((1− t)x+ ty) 6 f(x) + f(y) (x, y ∈ I, t ∈ [0, 1]).
Nowadays a function fulfilling (1) is called to be Wright-convex. For t = 12 we get imme-
diately
f
(x+ y
2
)
6
f(x) + f(y)
2
(
x, y ∈ I),
so any Wright-convex function is necessarily Jensen-convex. It was shown by Ng [5] that
any Wright-convex function is a sum of the convex function (in the usual sense) and the
additive one. Such representation leads to the simple (and now classical) proof that the
inclusion in question is proper. Namely, if a : R → R is a discontinuous additive function
and f(x) = |a(x)|, then f is discontinuous and Jensen-convex. Hence the graph of f is not
dense on the whole plane. But it is well-known (cf. e.g. [4]) that the graphs of discontinuous
additive functions (and also – by Ng’s representation – the graphs of discontinuous Wright-
convex functions) mapping R into R are dense on the whole plane. That is why f is not
Wright-convex.
Recently Nikodem, Rajba and Wa˛sowicz in the paper [6] considered the related compar-
ison problem for the classes of n-Wright-convex functions and n-Jensen-convex functions
(the explanation is given below in this section). If n ∈ N is odd, they have shown that the
first class is the proper subclass of the latter one. The example of n-Jensen-convex function
which is not n-Wright-convex was f : R → R such that f(x) = (max{a(x), 0})n, where
a : R → R is the certain discontinuous additive function. Next Páles [7] proved that this
example works for any discontinuous additive function. The authors of [6] did not solve
the problem, if n is even. The objective of the present paper is to give the complete solution
by showing that the inclusion is proper for all n ∈ N. Moreover, the construction of our
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example does not depend on the parity of n. Then for odd n we have a solution different
from the ones given in the papers [6, 7].
Let us recall the concepts of higher-order Jensen-convex (coming from Popoviciu [8])
and Wright-convex functions (introduced by Gilányi and Páles [3]).
The iterates of difference operator are we defined as usual: for n ∈ N
∆h1...hnhn+1f(x) = ∆h1...hn
(
∆hn+1f(x)
)
provided that all the involved arguments belong to I. If h1 = · · · = hn = h, then we write
∆nhf(x) = ∆h...hf(x).
In particular, ∆1hf(x) = ∆hf(x). Let n ∈ N and f : I → R be a function. We say that f
is Wright-convex of order n (or n-Wright-convex for short), if
∆h1...hn+1f(x) > 0
for any x ∈ I and h1, . . . , hn+1 > 0 such that x + h1 + · · · + hn+1 ∈ I. If the above
inequality is required only for h1 = · · · = hn+1 = h > 0, precisely, if
∆n+1h f(x) > 0
for all x ∈ I and h > 0 such that x + (n + 1)h ∈ I, then f is called Jensen-convex
of order n (n-Jensen-convex for short). It is easy to see that 1-Wright-convexity and 1-
Jensen-convexity are equivalent to Wright-convexity and Jensen-convexity, respectively.
By the above definitions any n-Wright-convex function is necessarily n-Jensen-convex.
As we announced above, in this paper we show that this inclusion is proper.
2. MAIN RESULT
Let us start with two preparatory notes. The following equations hold for a power
function function f(x) = xn (cf. [4, Lemma 15.9.2]):
(2) ∆h1...hn
(
xn
)
= n! ·
n∏
i=1
hi and ∆nh
(
xn
)
= n! · hn.
The formula below was given in [6] (as a part of the proof of Corollary 2.2).
Lemma 1. Let a : R → R be an additive function, g : R → R and n ∈ N. Then
∆h1...hn(g ◦ a)(x) = ∆a(h1)... a(hn)g
(
a(x)
)
for any x, h1, . . . , hn ∈ R.
Now we are in a position to state our main result.
Theorem 2. For any n ∈ N the class of n-Wright-convex functions is a proper subclass of
the class of n-Jensen-convex functions.
Proof. Because every n-Wright-convex function is n-Jensen-convex, it is enough to con-
struct an n-Jensen-convex function f : R → R which is not n-Wright convex. To this end
consider a Hamel basis H of the linear space R over Q such that h0 = 1 ∈ H . Any x ∈ R
is uniquely represented as a linear combination
x = λ0h0 +
∑
t
λtht,
where λ0, λt ∈ Q, ht ∈ H . Obviously the functions α(x) = λ0h0 and β(x) = x − α(x)
are additive. Define the function f : R → R by
f(x) =
(
α(x)
)n+1
+
(
β(x)
)n+1
.
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Since the difference operator is additive, we infer by Lemma 1 and the equation (2) that
(3) ∆h1...hn+1f(x) = ∆α(h1)...α(hn+1)
(
α(x)
)n+1
+∆β(h1)...β(hn+1)
(
β(x)
)n+1
= (n+ 1)!
(n+1∏
i=1
α(hi) +
n+1∏
i=1
β(hi)
)
.
In particular,
∆n+1h f(x) = (n+ 1)!
((
α(h)
)n+1
+
(
β(h)
)n+1)
.
Let h > 0. Because of the representation h = α(h) + β(h), it is easy to see that(
α(h)
)n+1
+
(
β(h)
)n+1
> 0. Therefore ∆n+1h f(x) > 0 which shows that f is n-Jensen-
convex.
To prove that f is not n-Wright-convex take now h1 = −1+
√
2, h2 = 1 and (if n > 2)
h3 = · · · = hn+1 = 1 +
√
2. Then hi > 0, i = 1, . . . , n + 1. Moreover α(h1) = −1,
α(hi) = 1, i = 2, . . . , n+ 1 and β(h2) = 0. By (3) we obtain
∆h1...hn+1f(x) = −(n+ 1)! < 0.
It means that f is not n-Wright-convex. 
3. THE CLASSES OF HIGHER ORDER STRONGLY JENSEN-CONVEX FUNCTIONS AND
WRIGHT-CONVEX FUNCTIONS
Let n ∈ N and c > 0. A function f : I → R is called strongly Wright-convex of order
n with modulus c (or strongly n-Wright-convex with modulus c) if
∆h1...hn+1f(x) > c(n+ 1)!h1 . . . hn+1
for all x ∈ I and h1, . . . , hn+1 > 0 such that x + h1 + · · · + hn+1 ∈ I. If the above
inequality is required only for h1 = · · · = hn+1 = h > 0, precisely, if
∆n+1h f(x) > c(n+ 1)!h
n+1
for all x ∈ I and h > 0 such that x+(n+1)h ∈ I, then f is called strongly Jensen-convex
of order n with modulus c (or strongly n-Jensen-convex with modulus c) (cf. [1]). For
c = 0 we arrive at standard n-Wright-convex and n-Jensen-convex functions, respectively.
The following characterization of strongly n-Wright-convex functions was recently
given in [2].
Theorem 3. Let n ∈ N and c > 0. A function f : I → R is strongly n-Wright-convex
with modulus c if and only if the function g : I → R such that g(x) = f(x) − cxn+1, is
n-Wright-convex.
It is surprising that so far nobody wrote explicitly the similar characterization of strongly
n-Jensen-convex functions. We fill this gap now.
Theorem 4. Let n ∈ N and c > 0. A function f : I → R is strongly n-Jensen-convex
with modulus c if and only if the function g : I → R such that g(x) = f(x) − cxn+1, is
n-Jensen-convex.
Proof. Suppose first, that the function f is strongly n-Jensen-convex with modulus c. Ap-
plying (2) to g we infer that
∆n+1h g(x) = ∆
n+1
h f(x)−∆n+1h (cxn+1) > c(n+ 1)!hn+1 − c(n+ 1)!hn+1 = 0,
whence g is n-Jensen-convex.
Conversely, if g is an n-Jensen-convex with modulus c, use (2) for f(x) = g(x) +
cxn+1:
∆n+1h f(x) = ∆
n+1
h g(x) + ∆
n+1
h (cx
n+1) > 0 + c(n+ 1)!hn+1 = c(n+ 1)!hn+1.
This proves that f is strongly n-Jensen-convex. 
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The following result we derive from Theorems 2, 3, 4.
Theorem 5. Let n ∈ N and c > 0. The class of strongly n-Wright-convex functions with
modulus c is a proper subclass of the class of strongly n-Jensen-convex functions with
modulus c.
Proof. It is enough to show, that there exists a strongly n-Jensen–convex function with
modulus c, which is not strongly n-Wright–convex with modulus c. By Theorem 2 there
exists a function g, which is n-Jensen-convex and g is not n-Wright-convex. Let f(x) =
g(x) + cxn+1. Since g is n-Jensen-convex, it follows by Theorem 4 that f is strongly
n-Jensen-convex with modulus c. By Theorem 3 f is not strongly n-Wright-convex with
modulus c (because the function g(x) = f(x) − cxn+1 is not n-Wright-convex). This
concludes the proof. 
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